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Error Estimation Procedure for Plate Bending Elements

John O. Dow* and Doyle E. Byrdt
University of Colorado, Boulder, Colorado

Procedures for identifying and eliminating errors inherent in individual finite elements and those due to the
discretization of the continuum are presented. The elemental errors are identified through the use of an element
formulation procedure based on physically interpretable strain-gradient interpolation functions. The use of this
notation allows these errors to be eliminated using rational arguments. The discretization errors are identified
by comparing the finite-element solution to a smoothed superconvergent solution. The errors thus identified are
used to guide an adaptive mesh refinement procedure that produces improved results.

I. Introduction

T HE finite-element method represents the continuum by
subdividing it into a number of small regions. This ap-

proximate representation introduces two distinct types of er-
ror. The first source of error is the modeling deficiencies con-
tained in the elements themselves. The second source of error
results from the discretization of the continuum. This paper
presents a simple and accurate error estimation procedure for
plate-bending problems that computes the combined effects of
both types of error.

The artificial stiffening errors associated with the modeling
deficiencies in the elements have conventionally been labeled
as either "shear locking" or "parasitic shear," without dis-
tinction between the two phenomena. In this paper the two
phrases will be used to describe two distinct phenomena. The
error due to parasitic shear will be shown to be caused by the
use of incomplete polynomials in the generation of the ele-
ment. It is this error that is usually referred to by the two
mentioned phrases. The use of "reduced integration" in the
generation of elements is an attempt to eliminate the effects of
parasitic shear. The other phenomenon, termed in this paper
as shear locking, is not as widely known but has received
attention in recent years. Shear locking occurs independently
of parasitic shear and is an error in the mathematical modeling
of the physical system. This misrepresentation allows the shear
strain energy to become unbounded in the mathematical
model, whereas in the physical system this is impossible. This
modeling deficiency is illustrated in this paper with ways of
controlling the growth of the shear strain given.

Both local and global discretization error estimates are com-
puted. The global errors are found by summing the estimated
errors for the individual elements. The local error estimates are
used to guide model refinements that result in more accurate
solutions. This procedure will be illustrated in a later section.

The discretization errors are estimated in a two-step process.
A smoothed superconvergent solution is first computed from
the finite-element result. Then the error measures are corn-
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puted by comparing the energy norms of the smoothed so-
lution to those contained in the unmodified finite-element
solution.

The element modeling errors described affect the discretiza-
tion errors in the overall solution. The effect of these errors is
shown by comparing the error levels found in identical prob-
lems modeled with corrected and uncorrected elements. The
modeling deficiencies contained in the individual elements are
identified through the use of strain-gradient-based interpola-
tion functions. The use of this physically interpretable nota-
tion allows the modeling characteristics of the finite element to
be related directly to the physical quantities being modeled. It
is this direct relation between the mathematical model and the
physical system that allows the source of the modeling defi-
ciencies to be identified. With the errors rationally defined, it
is a straightforward operation to eliminate them. This notation
and the error estimation procedure are presented in the next
section.

II. Theoretical Background
A. Strain-Gradient-Based Finite Elements

The use of strain-gradient notation in the derivation of
finite-element stiffness matrices has been developed by the
authors with detailed presentations given elsewhere.1"5 The
basic premise behind the use of the strain-gradient notation is
that the usual unknown coefficients, sometimes known as gen-
eralized coordinates, in the displacement polynomials can be
defined in terms of physically interpretable strain-gradient co-
efficients. This is similar to a Taylor series expansion of the
displacements in terms of the displacements and their deriva-
tives. A brief presentation of the strain-gradient approach to
the derivation of Mindlin plate-bending elements is included in
a later section. An example of this notation is given the follow-
ing polynomial representation for the out-of-plane displace-
ment of a four-node Mindlin plate element:

w = wrb + (yxz/2 - qrb)x + (yyz/2 + prb)y

+ ((-yxy,z + yyz,x + yxz,y)/2jxy (l)
w = [1 y -x x/2 -xy/2 xy/2 x y / 2 ] ( e ]

where

M = [Wrfc Prb Qrb 7xz yyz Jxy,z yyz,x yXz,yV

The subscript rb denotes rigid-body modes of deformation. A
term like yxy>z is the derivative with respect to z of the shear
strain yxy.
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Table 1 Strain-gradient coefficients for
the lateral displacement polynomial w

I
1
2
3
4
5
6

Term
1
X

y
X2

xy
y2

Cj for w

Wrb

yyz/2-qrb
yyz/2+prb
(yxz,x-ex,z)/2
( — yxy,z ~^~ yyz,x ~^~ yxz,y )/2
(7w-«w)/2

Table 2 Strain-gradient coefficients for the
in-plane displacement polynomials u and v

i
i
2
3
4
5
6

Term

z
xz
yz
X2Z

xyz
y2z

at for u
Qrb+yxz/2

(yxy,z~yyz,x + yxz,y)'

ex,yz

bt for v
yyz/2-prb

(yxy,z "+" yyz,x ~'yxz,y)/2

€y,xz
ey>yz/2

Each of the eight quantities contained in the strain-gradient
coefficient vector {e) produces a specific displacement pattern
for the w displacements. For example, in Eq. (1) it can be seen
that the displacement field associated with the shear strain yxz
will vary linearly as a function of x/2. The strain-gradient
coefficients for the complete second-order interpolation poly-
nomials for w, u, and v are given in Tables 1 and 2, respec-
tively. For more information, please see the specified refer-
ences.

Equation (1) can be generalized to formulate a transforma-
tion from nodal degrees of freedom (DOF) to strain-gradient
coordinates. This transformation and its inverse are shown as
follows:

(2a)

(2b)

where [d] = the vector of nodal DOF, {e} = the vector of
independent strain-gradient coordinates, and [</>] = the trans-
formation matrix from nodal degrees of freedom to strain-gra-
dient coordinates.

An alternative procedure for formulating finite-element
stiffness matrices is available as a result of Eq. (2). The first
step in developing this alternate formulation is to transform
the strain energy of a finite element in nodal DOF to strain-
gradient coordinates

(3a)

(3b)

(3c)

where [K] = the finite-element stiffness matrix and [U] = the
coefficient matrix for the strain energy expressed in terms of
strain-gradient coordinates. The strain-energy coefficient ma-
trix [U] can be computed directly by substituting the expres-
sions for strain developed from the displacement functions
given by Eq. (2) into the following equation for strain energy:

S.E.= '/2 (oxe Txylxy

Equation (4) can be integrated and put into matrix notation
using the plane stress relations to produce an expresson that
has the form of Eq. (3c).

When Eqs. (3b) and (3c) are equated, an alternative proce-
dure for computing finite-element stiffness matrices emerges
as

(5)

Equation (5) presents the operational definition for formulat-
ing a stiffness matrix in terms of strain-gradient quantities.
The stiffness matrix is manipulated in exactly the same way as
a standard finite-element stiffness matrix. This formulation
procedure is demonstrated later in the text with the formula-
tion of the four-node, 12-DOF rectangular Mindlin plate ele-
ment.

B. Global and Local Error Measures
The theoretical background required to identify the a priori

errors contained in a specific finite element was just presented.
Two a priori errors will be identified using this background in
a later section.

Procedures for estimating the error in an overall solution,
the a posteriori error, will now be discussed. The overall error
is estimated by summing the estimated error in the individual
elements. This quantitative identification of elements contain-
ing high error allows the mesh to be efficiently refined by
adding elements to regions of high error. Examples of this
procedure and its use to guide mesh refinement are presented
in a later section.

The element-by-element error estimates are found as fol-
lows. A smoothed set of stress or strain components based on
the finite-element solution is computed. The smoothed solu-
tion is assumed to be closer to the actual solution than the
unmodified finite-element solution because the discontinuities
are eliminated. This supposition has been proven for constant
strain elements.6 Proofs for higher-order elements are being
attempted.7

This procedure for estimating the discretization errors was
introduced by Zienkiewicz and Zhu8 for use in membrane
elements. The extension of this method to include plate-bend-
ing elements5 is briefly discussed here.

The error estimate is based on the difference between the
approximation to the actual stresses or strains and those found
by the finite-element solution. The error estimate, commonly
called the "energy norm," is defined for elasticity problems as

(6)\\e\\ = ( (a*-o')TD-l(a*-a')dti

\\ei\\ = ( (a*TNTD~lNa* - q*TNTBd-dTBTNo*

(4)

where \\e\\ = the energy norm, (a* — a') = the difference be-
tween the smoothed solution and the finite-element solution,
and D = the constitutive matrix.

The energy norm for individual elements can be written in
terms of nodal quantities on the element level as

(7)

where the overbar denotes nodal quantities, N the nodal in-
ter polant, B the strain-displacement matrix, and d the nodal
displacement. Equation (7) is used to compute the estimated
error in the individual elements. A summation of the errors
over the whole problem gives the estimate of the total error.
This summation can be interpreted physically as the difference
between the absolute value of the energies in the smoothed
solutions and the finite-element result.

The form of the error measure given in Eq. (7) can be made
more convenient by "normalizing" it with respect to the total
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energy contained in the finite-element solution. When this is
done, the result is

r// = l i e / I I / l i t / I I X 100 (8)
where

He/11 = error energy norm in element /

II U II — energy norm for the actual solution over the global
domain approximated as

II dl2)'

II U' II = energy norm for the finite-element solution over the
global domain

The value of r// for an element gives the percent of the total
error contained in the /th element.

The smoothed solution used in this presentation is found in
two ways. The first approach determines the smoothed stresses
or strains that minimize the square of the difference between
the smoothed solution and the finite-element result.8 This
computation is comparable in effort to the computation of the
solution of the finite-element problem itself. The second ap-
proach smooths the finite-element solution by averaging the
stress or strain values at the nodes. This is a very quick compu-
tation. The results for these two approaches are compared in
a later section and are found to be virtually identical.

III. Formulation of the Mindlin Plate Element
Equation (5) will now be used to derive the stiffness matrix

of a four-node, 12-DOF rectangular Mindlin plate element.
The element geometry is shown in Fig. 1. The three nodal
coordinates at each corner are a transverse displacement w and
rotations around the in-plane coordinate axes p and q.

In the standard formulation of the four-node Mindlin ele-
ment, the independent displacements are given as

u = aiz + a2xz + a^yz + a^cyz

v = + b2xz + b-yz + b^cyz

(9a)

(9b)

(9c)
The linear variation in z contained in u and v incorporates the
kinematic constraint that asumes that the cross sections remain
planar after deformation. The rotations in a Mindlin plate are
defined in terms of the displacements as

c2x + c^cy

dz

du

z ,w

(lOa)

(lOb)

\/~
/•

)

>' ]/
Ar

"/-,

7

The equivalent interpolation polynomials expressed in
strain-gradient notation are given in Tables 1 and 2 as

u = (qrb+yxz/2)z + ex>zxz

ex>yzxyz

eytZyz + eyfXZxyz

(yxz/2-qrb)x + (yyz/2
,z + yyz,x + yxz,y)/2xy

(Ha)

(lib)

(He)

The 12 independent strain-gradient terms contained in Eq. (1 1)
are

U ) = [wrb Prb ^rbex,zex>zyeyjZey>zxyxy>zyxzyXZtyyyzyyz>x]T (12)

These 12 quantities are the strain states that this element is
capable of modeling. They represent the 12 DOF contained in
this element. The use of these strain states as independent
variables has the advantage that they have well-defined, phys-
ically interpretable meanings.

The expressions for the rotations produced when the dis-
placement functions [Eq. (1 1)] are substituted into the rotation
definitions [Eq. (10)] are

P = (Prb ~ (yxz>y -yxyiZ -

(yxy,z ~ yyz,x + yxz>y )/2y + ex>yz xy

(13a)

( 1 3b)

When the displacement functions [Eq. (11)] are substituted
into the elasticity definition for small strains, the result is

(14a)

(14b)

(14c)

yxz = yxz + eXtZx + yxz,yy + ex>zyxy (14d)

(14e)

eXfZyxz + ey>zxyz

tZx + yxz,yy + ex>zyxy

ey>xzxy

These equations can be written in matrix notation as

where

e' } = [exeyyxyyxzyyz]T

(15a)

(15b)

(15c)

z
0
0

JC*

^0

yz
0

xz*
xy"

0

0

z
0
0

y*

0

xz
yz*

0
xy*

0
0
z
0
0

0
0
0
1
0

0
0
0

y
0

0
0
0
0
i

0
0
0
0
X

Fig. 1 Geometry for a four-node rectangular Mindlin plane element.

(I5d)

The terms marked with the asterisk will be discussed later.
As was seen in Eq. (5), computation of the stiffness matrix

requires the formulation of the 0 and U matrices. The </> ma-
trix, which transforms the nodal DOF to strain-gradient coor-
dinates, is developed using Eqs. (lla) and (13). For conve-
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nience, the equations used to formulate the </> matrix are
exhibited in tabular form (see Table 3). This form of the
equations clearly shows the displacements and rotations asso-
ciated with the individual strain states modeled by the Mindlin
element. The substitution of the nodal coordinate locations
given in Fig. 1 into the functions given in Table 3 results in the
</> matrix, as defined in Eq. (2a).

The next step in formulating the stiffness matrix is the com-
putation of the strain-energy matrix U. This is accomplished
by substituting the expressions for the strains given in Eqs. (14)
or (15) into the strain-energy equation [see Eq. (4)]. When this
is done, the result has the form of Eq. (3c), where (e) is given
by Eq. (12).

With both 0 and U evaluated, the stiffness matrix can be
computed using Eq. (5). The resulting stiffness matrix is
identical to the one generated using the standard formulation
technique.

Other elements have been developed to demonstrate the ver-
satility of the strain-gradient method.5 These elements range
from Euler-Bernoulli and Timoshenko beam elements to trian-
gular and quadrilateral membrane and plate-bending elements
based upon both Kirchhoff and Mindlin plate-bending theo-
ries. Application to higher-order elements has also been
demonstrated.

IV. Artificial Stiffening in Finite Elements
Two widely documented modeling deficiencies are present

in Mindlin plate elements.3'9-16 These two modeling errors
are commonly called parasitic shear and shear locking,
respectively.

Parasitic shear is due to the presence of improper terms in
the shear strain expression. These improper terms are intro-
duced by the uncritical substitution of the interpolation func-
tions into the strain definitions during the formulation proce-
dure. This error is remedied by eliminating the incorrect terms.
These terms are often eliminated in isoparametric elements by
evaluating the shear strain energy with a reduced number of
integration points. If care is not taken in the use of reduced
integration, fictitious zero-energy modes are introduced and
desired modeling characteristics are eliminated.1 If these ficti-
tious zero energy modes are not present, the spurious modeling
mechanism called hourglassing cannot exist.

Shear locking is characterized by sharp increases in stiffness
and condition number as the relative length (length/thickness)
of an element increases. These characteristics are due to a
modeling error in the polynomial representation of the shear
strains. The interpolation functions introduce constraints that
do not exist in the continuum. It has been shown that this
modeling deficiency can be controlled in Timoshenko beam
elements by introducing a modification based on St. Venant's
principle.3 This modification is currently being added to
Mindlin plate elements and will be presented in a later paper.

The source of parasitic shear is identified by inspecting the
shear strain expression [Eqs. (14c-14e)]. The 7^ term given by

Table 3 Displacements and rotation as a function of strain state

1
2
3
4
5
6
1
8
9

10
11
12

Strain
state

Wrb

Prb
Qrb
ex,z

ex,zy
ty.z

ey,zx
Jxy,z
yxz

Jxz,y
Jyz

7yz,x

w
Eq. (lie)

- . . b .- ; ' -
y

— X -
6^--;:t.
0 T > : - - -
a::Va- o

"- -xy/2;'" x/2
xy/2
y/2
xy/2

P
Eq. (13a)

0
1
0
0
0
-y
-xy
-x/2

0
x/2
-1/2
-x/2

q
Eq. (13b)

0
0
1
X
xy
0
0

y/2
1/2
y/2

0
-y/2

Eq. (14c) will serve as the example. As can be seen, the right-
hand side of this equation contains three terms. The first term
varies through the thickness and provides the capacity to
model a constant moment over the full area of the plate. In
addition to varying with z, the next two terms vary with x and
y, respectively. If the coefficients of the xz and yz terms were
not defined in physical terms, one would be tempted to surmise
that these terms represented linear variations of yxy in the x and
y directions. However, it can be seen that these coefficients are
normal strain terms. They simply do not belong in a represen-
tation of shear strain. In fact, when complete polynomials are
utilized in the formulation of an element, as in the case of a
triangular element, these normal strain terms are canceled by
other coefficients.

These erroneous terms are the cause of the artificial stiffen-
ing error known as parasitic shear. These terms add strain-en-
ergy quantities to the U matrix that make the element overly
stiff when it is deformed in flexure. An inspection of Eqs.
(14d) and (14e) shows that these expressions also contain par-
asitic shear terms. The parasitic shear terms are indicated in
Eq. (15d) with an asterisk.

When the (/matrix for a rectangular element is formed, the
following error terms are added due to parasitic shear:

(Ida)

(16b)

(16c)= E*ab3t/3

(16d)

where
E* = E/2(l

The subscripts in the preceding strain-energy terms refer to the
normal strains in the order given in Eq. (12).

The characteristics of the errors produced by parasitic shear
will be illustrated with the example of the modeling defect
produced in the ex>z deformation mode by parasitic shear. The
error is computed by dividing the error term given in Eq. (16a)
by the correct term, (E/(\ - v2))abt3/3. When this is done, the
final result is

Error Ratio - ((1 - v)/2}(a/t)2 (17)

It can be seen that this error is strongly dependent on the
element dimensions and should be removed to insure accurate
results. It is apparent that, for thin sections, the error is quite
significant.

The use of strain-gradient notation allows the parasitic shear
terms to be removed before the strain-energy expression is
computed. This is done by simply removing the incorrect terms
from the expression for strain energy and proceeding with the
formulation procedure.

This direct approach is not possible in the isoparametric
formulation procedure. The erroneous terms are buried in the
undefined coefficients. However, the parasitic shear terms can
be eliminated by the judicious application of a reduced number
of integration points in the numerical integration scheme used
to evaluate the strain-energy expressions. In the case of the
shear strain yxy given in Eq. (14c), the two parasitic shear terms
can be removed by using reduced integration for the integra-
tion in the x and y directions. However, if reduced integration
is used in the x and y direction in Eqs. (14d) and (14e), terms
desired in the analysis will be removed. In Eq. (14d), the term
yxz,y would be eliminated. In Eq. (14e), the term yyZtX would be
eliminated. If these terms are eliminated, the resulting stiffness
matrix exhibits two spurious rigid-body modes.12 In order to
eliminate only the parasitic shear terms in Eq. (14d), reduced
integration should only be used in the x direction. Similarly,
the parasitic shear terms are removed from Eq. (14e) if reduced
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a)

b)

Undistorted Element

Rotations Produced by Uncorrected Polynomials

//// / 177TT/// / i I1
c) Rotations Produced Using Saint Venant Factors

/ / ///

d) Lateral Deformation Produced by Uncorrected Polynomial

e) Lateral Deformation Produced Using Saint Venant Factors
Fig. 2 Possible modes of shear modeling in long elements.

integration is used in the y direction. Thus, it can be seen that
the blind application of reduced integration to this element
would eliminate desirable terms and introduce new modeling
deficiencies.

Selectively reduced integration has been used13 to avoid the
inclusion of zero-energy modes in plate-bending elements.
However, this method of using strain-gradient notation has
illustrated why the method of selectively reduced integration
does not introduce spurious rigid-body modes into the stiff-
ness matrix of the element.

Shear locking is caused by a modeling error in the out-of-
plane shear strains that increases with the relative length. This
phenomenon occurs even if parasitic shear has been eliminated
and can be easily demonstrated with the example of the stiff-
ness matrix of a cantilevered Timoshenko beam:

otal

where

= KG

xure + [̂ 1 Shear

0 0

0 l/L

l/L -1/2
-1/2 L/4

(18a)

(18b)

(18c)

The parasitic shear terms have been removed from this
element.

As can be seen, the flexure component of the stiffness ma-
trix decreases as the length increases. In the shear component,

[K^#] E*

i i— + —
4a 120
1 1

40 120
0 + 0
0 + 0
1 1

1 1
8~24

1 1
4a 120

0 + 0
0 + 0
1 1
8~24
1 1
8 + 24

one diagonal quadrant decreases while the other increases with
the increase in length. The effect of this is to stiffen the overall
result. This stiffening is counter to the expected result. In
physical systems, the shear effect is reduced as the length of the
beam increases.

By backtracking through the derivation of the stiffness
matrix, the term that causes the shear locking characteris-
tics is found to be due to the du/dy component of the shear
strain.3 The following physical considerations account for this
increase.

Figure 2a shows a long, thin, undistorted beam. When the
ends of the element are given a rotation that in this model is
equal to —du/dy, the shear deformation continues unattenu-
ated, as shown in Fig. 2b. This is a result of a constraint
imposed by the interpolation function used to represent the
continuum.

In actual physical systems, this type of behavior does not
occur. The behavior of a physical beam would be more like the
situation depicted in Fig. 2c. The rotations would diminish as
they moved into the element. The strain energy and stiffness of
the system would not increase linearly with the length beyond
a certain point.

This artificial stiffening imposed by the interpolation model
can be removed by introducing a factor into the du /dy term of
the shear strain based on St. Venant's principle. However,
equilibrium considerations require that the same factor be ap-
plied to the dv/dx term in the shear strain definition. This
correction would affect the upper left-hand quadrant of Eq.
(18c). The question is whether this correction would be consis-
tent with the actual physical system.

Without the St. Venant correction factor, the deformation
of the beam element is as shown in Fig. 2d. Every portion of
the element undergoes distortion. The stiffness, however, does
not increase with length because the amount of distortion de-
creases as the element gets longer. When the St. Venant factor
is included, the deformation is as shown in Fig. 2e. Only the
portions of the beam near the ends are distorted. This would
correspond to the physical concept embodied in St. Venant's
principle. Thus, it can be concluded that the incorporation of
a factor based on St. Venant's principle would not introduce
a new source of error into the finite-element model.

Now that the cause of shear locking has been introduced and
a correction for the modeling error has been presented, it
remains to show that the same concepts apply to the Mindlin
plate element.

The stiffness matrix for the four-node Mindlin element de-
veloped in Sec. Ill has been formulated in symbolic form using
the symbol manipulation program MACSYMA. In order to
reduce the size of the matrices that must be shown, the ele-
ments of a cantilevered plate will be used in this discussion.
Nodes 1 and 4 of the element shown in Fig. 1 will be fixed. The
element will be given a unit width in the y direction. The length
in the x direction, a, will be retained as a parameter. The
conclusions reached for the cantilevered plate are applicable to
an unrestrained element.

The shear stiffness contribution to the overall stiffness ma-
trix will be presented first. This corresponds to Eq. (18c) for
the beam element and is given as

SYM

0 + 0

0+0 0+0

0+0 0+0 Te+is
0 + 0 ° + ° T6-48 T6+48

(19)



690 J. O. DOW AND D. E. BYRD AIAA JOURNAL

The first term in each matrix element is due to the yxz strain
state and the second is due to yxz>y. Both of these contributions
have the same form as the shear contribution of the beam. As
a result, the overall stiffness increases as the parameter a gets
larger. This also means that the artificial stiffening introduced
by these strain states can be corrected by applying a St. Venant
factor to this stiffness contribution.

The stiffness contribution of the flexure strain states ex>z and
eXiZy are the following:

plate-bending elements. Both four-node quadrilaterals and 12-
DOF triangular elements are used in the models. The problem
used to illustrate the error-estimating procedure is the familiar
square-plate problem with a concentrated centerload and sim-
ply supported edges. Due to symmetry, only a quarter of the
plate is used in the analysis, and the mesh descriptions in the
tables presenting the results refer to this quarter-section.

The problem is analyzed using both the strian gradient and
standard isoparametric elements. For the strain-gradient ele-

0 + 0

0 + 0 0 + 0

0 + 0 0 + 0 0 + 0

0 + 0 0 + 0 0 + 0

0 + 0 0 + 0 0 + 0

0 + 0

0 + 0

SYM

— + —4a 12

0 + 0 0 + 0 0 + 0 0 + 0 —-!_.£_
4a 12

(20)

Where E{ = E/(\ — v2). The first term in each element is due to
the eXtZ strain state. This component decreases as the dimension
a increases so that no correction is required. The second term
in each element is due to eXtZy.

As can be seen, this second element grows as the dimension
a increases. The effect of this is to stiffen the overall result in
the same manner as the L /4 term in the beam element [see Eq.
(18c)]. When the deformation pattern of this strain state is
studied, it is found to have the same character as the shear
component discussed in Figs. 2a-2c. Thus, it can be corrected
with a St. Venant factor. A similar correction can be intro-
duced in the x direction and will be presented in a later paper.

Other approaches have been used to control the unwanted
characteristics of shear locking by controlling the growth of
the shear locking effects. MacNeal14 uses a "residual bending
flexibility" to control the shear locking effects. Pugh et al.15

proposed an artificial plate thickness for very thin plates that
avoids any numerical instability problems that may occur due
to shear locking. Tessler and Hughes16 use a deflection match-
ing scheme to develop a modified shear correction factor to
control the shear strain energy.

V. Error Analysis Applied to Plate Problems
Procedures for estimating the errors occurring in the results

for finite-element analyses of plate problems are demonstrated
in this section. As discussed earlier, the error occurring in each
element can be estimated as the difference between the energy
norms of the discontinuous finite-element solution and an im-
proved superconvergent solution. The improved solution can
be generated by many techniques.17'20 Two methods used here
are a global smoothing routine8 that forms a continuous stress
solution over the entire global domain and a local nodal stress-
averaging method. The global method involves a solution of a
system of equations that may become prohibitive in terms of
cost for large problems. However, the nodal stress-averaging
scheme is a quick and efficient method that produces a contin-
uous stress solution using the stress results of each element.

With an improved solution for each element, the elemental
errors can be computed using Eq. (7). The global estimate of
the error can be summed for all the elements as

(21)

The elemental error measures are used to identify regions of
high error. This information is used to improve the modeling
to produce results with an improved overall error measure.

The effectiveness of the error-estimating procedure is illus-
trated with an example plate problem modeled using Mindlin

ments, both the element with and without parasitic shear is
used. For the isoparametric elements, both full and reduced
integration is utilized. The reduced integration is applied to all
the shear strains and results in an element that has two addi-
tional zero-energy modes of deformation. The reduced inte-
gration erroneously removed two strain states from the basis
description of the element. It is the removal of these two strain
states that produces the two extra zero-energy modes. With
rectangular elements, the isoparametric element with full inte-
gration and the strain-gradient element with parasitic shear
will give identical results.

The transverse deflections under the point load for analyses
using the various elements are given in Table 4. The immense
improvement in the results produced by eliminating the para-
sitic shear term is evident from the results in the table. The
parasitic shear terms severely stiffen the elements that contain
this modeling deficiency.

The estimates of the global error using both local and global
smoothing procedures are presented in Table 5 for this plate
problem performed with the underintegrated isoparametric
Mindlin quadrilateral element. Elements with the parasitic
shear terms removed are used since these erroneous terms
stiffen the element so drastically that the results are always so
poor, as illustrated in the deflections given in Table 3. The
underintegrated isoparametric Mindlin element is used here
since it is found in many commercially available codes.

It is noted that if these elements are used in commercial
codes, then they are used in conjunction with some form of
"hourglass control" to stabilize the spurious modes. Also, the
exact error in Table 5 is the error in the energy norm of the

Table 4 Results of square-plate analyses using
four-node Mindlin plate elements

Mesh in
quadrant

1x1
2 x 2
4x4
8x8

12x12
Exact

deflection d

Deflections under point
Element la

4.278E-5
1.343E-4
4.846E-4
1.690E-3
3.203E-3

Element 2b

1.341E-2
1.167E-2
1.160E-2
1.162E-2
1.163E-2

1.160E-2

load
Element 3C

2.405E-2
1.262E-2
1.181E-2
1.170E-2
1.170E-2

aElement 1: strain gradient element with all terms (also isoparametric element
with 2 x 2 Gauss numerical integration).

bElement 2: strain gradient element without the parasitic shear terms.
GElement 3: isoparametric Mindlin element with reduced integration (1x1)

for all shear expressions.
dExac: solution for thin-plate theory.
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Table 5 Discretization error estimates of energy norms
for square-plate analyses using four-node

__________Mindlin Plate Elements__________

Estimated percentage error
Mesh in
quadrant

2 x 2
4 x 4
8x8

12x12

Exact
error %

29.6
13.3
9.4
9.3

Global
smoothing

20.6
17.4
12.0
9.95

Local nodal
averaging

24.0
19.2
12.8
10.5

finite-element solution as compared with the energy norm of
the thin-plate solution.

The global errors predicted by the error analysis are seen to
give accurate estimates of the exact error as the solution ap-
proaches the true solution. The poor estimates for the first
discretization are due to the coarseness of the mesh, which has
only one interior nodal point with which to smooth the stress
solution.

It is noted that the error in energy norm is larger than the
error given in terms of strain energy. The error in strain energy
can be shown to be the square of the error in energy norm,
which means that an error of 10% in energy norm corresponds
to a 1% error in strain energy. This is verified by Table 3,
where due to the single load on the plate, the deflection under
the point load is indicative of the strain energy in the solution.
As the discretization is refined, the error in the deflections is
less than 1 %.

The estimated error using the global smoothing technique is
always slightly less than that for the local nodal averaging
scheme. This is a direct result of the global method being a
least-squares minimization of the difference between the finite
element and improved solutions.

This problem is also analyzed using a 12-DOF triangular
Mindlin plate element. The 12 DOF consist of six transverse
displacements at the corner and midside nodes and two rota-
tions at each of the three corner nodes. The element is derived
using strain-gradient notation using the following displace-
ment interpolation functions:

[yxz/2-q]x + [yyz/2+p]y
[yxz>x - ex,z)/2]x2

[(yyz,y-ey,z)/2]y2

( - yxy>z + yy y)/2]xy

- leXfZ]xz

v(x,y,z) = [yyz/2-p]z + l(yxy,z + yyz,x-yxz,y)/2]xz
+ (ey,Jyz (24)

Application of strain-displacement definitions yield the fol-
lowing strain expressions:

ey = [ey,z]z

yxy = [yxy>z\z

yxz = [yxz] + [yxz,x]* +
yyz = [yyz] + [yyz,x]x + lyyz,y]y

(25)

(26)

(27)

(28)

(29)

(22)

This element has no parasitic shear terms associated with it, as
is evident from the shear strain expressions given in Eqs.
(27-29). Furthermore, its geometry, being triangular in shape,
eliminates any difficulties associated with interelement com-
patibility during the mesh refinement process. This avoids the
use of kinematic constraints usually required for an adaptive
refinement process using quadrilateral elements. However, the
use of these triangular elements is expected to give slow con-
vergence due to the nature of the strain distributions as given
in Eqs. (25-29). It is seen that the in-plane strains resemble
those for the constant strain triangular (CST) membrane ele-
ment, which is usually avoided due to slow convergence.

For the triangular element, an adaptive process is utilized
whereby the elemental error estimates for the previous dis-
cretization are used in guiding the refinement for the next
discretization. The elemental errors are normalized by Eq. (8),
and these quantities are used to guide the mesh refinement. If
the elemental error is over a certain user-specified percentage
of the maximum elemental error, then the element is a candi-
date for subdivision. The subdivision algorithm consists of
subdividing an element into two elements with the subdivision
occurring along the longest side in the triangular element. If
the longest side of the element to be divided is not on the
boundary, then the adjacent element is also divided in order to
maintain compatibility. More efficient refinement strategies

4 Elements 8 Elements 16 Elements 32 Elements

X
X

X
X

52 Elements 102 Elements 144 Elements 176 Elements

Fig. 3 Simply supported square plate with centerload, initial, and automatically refined meshes (upper right quadrant shown, load at bottom left).



692 J. O. DOW AND D. E. BYRD AIAA JOURNAL

Table 6 Results of adaptive refinement process
on simply supported square plate with a

concentrated load using triangular Mindlin elements

Elements in
quarter-mesh

4
8

16
32
52

102
144
176

Center
deflection

0.783E-2
0.786E-2
0.01010
0.01052
0.01106
0.01131
0.01144
0.01151

Percentage error
Exact

57.0
56.8
35.4
30.5
21.6
15.7
11.7
9.0

in energy norms
Estimated

44.6
37.6
27.9
24.1
18.2
14.0
11.5
9.9

are available. For example, methods for reaching a desired
level of accuracy in one mesh refinement for membrane prob-
lems are available8 and could be extended to plate problems.
However, the objective of this research is to validate the fact
that mesh refinement guided by this error-estimating proce-
dure produces convergent results.

The initial model is only required to sufficiently represent
the continuum with loads and boundary conditions. The ele-
mental errors guide the automated refinement process, which
stops when the estimated global error is within a user-specified
accuracy criterion. For this triangular element, the nodal aver-
aging scheme is used.

The initial mesh of the upper right quadrant for the previous
problem and the subsequent idealizations produced by the
adaptive refinement process are shown in Fig. 3. In this adap-
tive process an element is subdivided when the error is over
20% of the maximum elemental error. The deflections under
the load and the exact and estimated global errors in energy
norms are given in Table 6. The convergence of the center
deflection, indicative of the strain energy, to the exact deflec-
tion is evident from the table with the error in the deflection
(strain energy) being less than 1.0% in the final idealization.

The effectiveness of the error estimation procedure is illus-
trated in the table with the difference in the actual and the
estimated errors in energy norms being reduced as the solution
converges to the exact solution. The adaptive refinement pro-
cedure would continue until the global error estimate reduced
to within a user-specified accuracy tolerance, specified in ei-
ther strain energy or energy norm error.

This illustrates the procedure envisioned for the use of adap-
tive refinement. A coarse discretization that sufficiently de-
fines the continuum is generated, and then the subsequent
idealizations are automatically generated using the a postpriori
error analysis. The elemental error indicators are used to guide
the refinement in areas of high error and the global error
estimate used to define the accuracy in the current idealization.
The process is repeated until an adequate user-specified accu-
racy is obtained. With this type of procedure, even inexperi-
enced analysts may realize greater confidence in the approxi-
mations given by the finite-element method.

VI. Summary and Conclusion
This paper has presented procedures for eliminating errors

in finite-element analysis of plate problems by removing mod-
eling deficiencies in individual elements (a priori error analy-
sis) and by identifying regions of high error in the computed
results (a posteriori error ari^lysis). The a priori error analysis
identifies errors in the individual finite elements during the
formulation process through the use of physically based strain-
gradient notation, "fhe use of this notation also provides guid-
ance in eliminating tnese elemental modeling deficiencies from
the elements.

Specifically, the sources of parasitic shear, hourglassing,
and shear locking have been identified. Rationale for defini-
tively eliminating parasitic shear and hourglassing have been

presented. It seems very likely that the shear correction factors
introduced by Tessler and Hughes16 to reduce the shear strain
energy can be explained in terms of the St. Venant factor
discussed here and in Ref. 3. If so, a physically based criterion
for controlling shear locking is currently available.

The use of these physically based criteria for eliminating
inherent modeling deficiencies eliminates the need to modify
elements based on the solution of a few specific problems. The
elimination of this approach, commonly called "cooking" ele-
ments, will put the element formulation process on a more
rational basis. This will make the results more widely useable.

The error-estimating procedure presented here provides a
method for validating and improving finite-element solutions.
The adaptive refinement algorithm applied here is quite crude.
Its purpose was to demonstrate that improved solutions would
be produced when mesh refinement was guided by the error
analysis procedures presented here. Other approaches to mesh
refinement that produce a desired level of accuracy after one
mesh refinement have been demonstrated for membrane prob-
lems.8 Similar refinement strategies are being developed by the
authors of this paper for plate problems.

The elements and error analysis procedures developed here
are easily added to existing codes. The use of such procedures
to identify errors in finite-element solutions will allow the
analysis step to be incorporated in automated design applica-
tions with confidence. This will assist computer-aided design
to come closer to its goal of reducing the level of specialized
expertise required by the designer.
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